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Abstract
The general theory of a massless fermion coupled to a massive vector meson in two
dimensions is formulated and solved to obtain the complete set of Green’s functions. Both
vector and axial vector couplings are included. In addition to the boson mass and the two
coupling constants, a coefficient which denotes a particular current definition is required for
a unique specification of the model. The resulting four parameter theory and its solution
are shown to reduce in appropriate limits to all the known soluble models, including in
particular the Schwinger model and its axial vector variant.
1
The fact that the theory of a massless fermion with a current-current coupling in
one space and one time dimension can be solved exactly was discovered by Thirring [1]
some years ago. The model subsequently was solved by Johnson [2] who realized that an
essential ingredient had to be a very precise definition of the current operator. He adopted
a procedure in which the current is realized as an average of spacelike and timelike limits
of the product of two field operators. This averaging process was motivated by the need to
obtain a covariant result, but introduced the somewhat undesirable feature of a timelike
limit which does not fit comfortably into a Cauchy initial value formulation.
The most general solution of this model was obtained by the author [3] using an
extension of Schwinger’s gauge invariant definition of the current jµ. Specifically, one
writes in the case of a charged fermion ψ(x) coupled to an external field Aµ [4]
jµ(x) = lim
x→x′
1
2
ψ(x)qαµ exp
[
iq
∫ x
x′
dx′µ (ξA
µ − ηγ5ǫ
µνAν)
]
ψ(x′) (1)
where the Dirac matrices α0 and α1 are conveniently taken to be the unit matrix and
the Pauli matrix σ3, respectively, and the limit is taken from a spacelike direction. The
parameters ξ and η are required by Lorentz invariance to satisfy the constraint
ξ + η = 1 .
For reasons of symmetry it is convenient throughout this paper to keep both of these
parameters in the general formulation since ξ = 1 (η = 1) corresponds to vector (axial
vector) conservation [5]. In particular the Johnson solution can be seen to coincide with
the choice ξ = η = 1
2
.
Perhaps the most well known of the two-dimensional models is the Schwinger model
[6] which is simply QED for a massless fermion. Although its greatest success was the
confounding of the conventional view that gauge invariance implied zero mass, it continues
to be studied in widely varied applications. An extension of the Schwinger model to the
massive vector meson case was made by Sommerfield [7] using Johnson’s current definition
and by Brown [8] who employed Schwinger’s ξ = 1 limit of Eq. (1). The author [9] showed
that the results of refs. 7 and 8 are obtained as the ξ = 12 and ξ = 1 limits respectively of
a formulation in which Eq. (1) is used as the current definition.
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A model in which only a single component of the fermion field was coupled via the
current operator to a massive vector meson was subsequently proposed and solved by the
author [10]. This model (hereafter SCM) has the same Green’s functions as one which was
subsequently proposed by Jackiw and Rajaraman [11]. The latter formulation has come
to be known as the chiral Schwinger model. However, as has been pointed out [12], the
name is somewhat unfortunate since the equations of motion are inconsistent with zero
bare mass for the photon even though the Green’s functions are a consistent set by virtue
of the equivalence to the SCM.
More recently an attempt has been made [13] to generalize the SCM by allowing an
arbitrary admixture of vector and axial vector coupling. This could in principle provide an
interpolation between the Schwinger model and the SCM. However, it fails to accommodate
a variation of the Schwinger model in which the coupling is through the axial vector current
as well as the known ξ dependence of the Thirring model and the vector meson model of
refs. 7-9. In this paper the task of finding the most general formulation of the soluble
two dimensional theories is carried out and its solution obtained. It reduces in all the
appropriate limits to the known soluble models.
One begins with the Lagrangian
L =
i
2
ψαµ∂µψ +
1
4
GµνGµν −
1
2
Gµν(∂µBν − ∂νBµ)
−
1
2
µ20B
µBµ + ej
µBµ + j
µAµ + J
µBµ
where Aµ and Bµ are external sources and er is the axial vector coupling constant. The
most general current allowed by Lorentz invariance for e = 0 is
jµ(x) = lim
x→x′
1
2
ψ(x)αµq(1 + rγ5) exp
[
iq
∫ x
x′
dx′µ
(
ξAµ − ηγ5ǫ
µνAν
+ rηγ5A
µ − rξǫµνAν
)]
ψ(x′)
(2)
where γ5 = α
1. By careful application of the action principle and functional differentiation
techniques a complete solution of the interacting theory can be obtained.
It is easy to see that the first quantity which must be computed is the current corre-
lation function Dµν . From general considerations one infers that its Fourier transform can
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be written as
Dµν(p) =
(
gµα + rǫµα
)(
gνβ + rǫνβ
)[
D1ǫασp
σǫβτp
τ
+D2pαpβ +D3
(
pαǫβσp
σ + pβǫασp
σ
)]
.
(3)
From ref. 3 it is found that for e = 0, D1 = ξ/πp
2, D2 = η/πp
2, and D3 = 0. The
vacuum-to-vacuum transition amplitude < 0σ1|0σ2 > (σ1 and σ2 specify distinct spacelike
surfaces) can be put in the form
< 0σ1|0σ2 > = < 0σ1|0σ2 >A=J=0 exp
[
i
2
∫
Jµ(x)G
µν(x− x′)Jν(x
′)dxdx′
]
exp
[
i
2
∫
Aµ(x)D
µν(x− x′)Aν(x
′)dxdx′
]
exp
[
i
∫
Jµ(x)M
µν(x− x′)Aν(x
′)dxdx′
]
.
Using the result
< 0σ1|0σ2 > = exp
[
− ie
∫
dx
δ2
δJµ(x)δAµ(x)
]
< 0σ1|0σ2 >e=o
where
< 0σ1|0σ2 >e=0 = exp
[
i
2
∫
Jµ(x)G
µν
0 (x− x
′)Jν(x
′)dxdx′
]
exp
[
i
2
∫
Aµ(x)D
µν
e=0(x− x
′)Aν(x
′)dxdx′
]
and
Gµν0 (p) =
(
gµν +
pµpν
µ20
)
1
p2 + µ20
(4)
one obtains the formal result
D = De=0
[
1− e2G0De=0
]
−1
. (5)
In this equation (5) all Lorentz indices have been suppressed so that obtaining the actual
solution of (5) is much more involved in the general case than might otherwise be expected.
A practical approach to this problem consists of writing
Di(p) =
∞∑
0
D
(n)
i i = 1, 2, 3
4
and using Eqs. (3-5) to obtain D
(n+1)
i in terms of D
(n)
i . Not surprisingly, in the case of
D3 the symmetry in µ↔ ν which characterizes the exact result (3) is not manifest in this
approach so long as D
(n)
1 and D
(n)
2 are unconstrained. Thus one simplifies the calculation
by imposing that symmetry in each order, thereby leading to an expression for D
(n)
3 in
terms of D
(n)
1 and D
(n)
2 . The consequence of this is that one obtains a two dimensional
matrix relation (rather than a three dimensional one) of the form
D(n+1) = KD(n)
where D =
(
D1
D2
)
and
[
(r2 − 1) +
p2
µ20
(ξr2 − η)
]
K =


ξ(1− r2)2
(
1 + η p
2
µ2
0
)
+ 2p
2r2
µ2
0
(r2 − 1)ξ2 + p
4r4
µ4
0
ξ2 − r
2p4ξ2
µ4
0
η2r2p4
µ4
0
−η(1− r2)2
(
1 + ξ p
2
µ2
0
)
− 2η2(1− r2) p
2
µ2
0
− p
4η2
µ4
0

 .
The solution is thus (
D1
D2
)
= (1−K)−1
(
ξ
η
)
1
πp2
.
Very considerable algebra allows one to solve this formal equation. As a first step it is
found that
det(1−K) =
[
1−
e2
πµ20
(
ξr2 + η
)] p2 + µ2
p2 + µ20
(6)
where µ the physical renormalized mass of the theory is given by
µ2 = µ20
[1 + ξe
2
piµ2
0
(1− r2)][1− ηe
2
piµ2
0
(1− r2)]
1− e
2
piµ2
0
(ξr2 + η)
.
It is encouraging to note that for r = 0 one obtains
µ2 = µ20 + ξe
2/π
appropriate to the vector meson model [9]; r = µ0 = η = 0 gives
µ2 = e2/π
5
of the Schwinger model; r = ±1 gives
µ2 = µ20
[
1−
e2
πµ20
]−1
as in the SCM (after allowing for a trivial difference in the definition of e); and for e→ 0,
r →∞, er → e, ξ = 0 gives
µ2 = e2/π
as it must for the axial vector Schwinger model. The result (6) allows one finally to obtain
D1(p) =
ξ
πCξ
[
D(p) +
e2ξ
πµ20
Cη
1− e
2
piµ2
0
(ξr2 + η)
∆(p)
]
D2(p) =
η
πCη
[
D(p) +
e2η
πµ20
Cξ
1− e
2
piµ2
0
(ξr2 + η)
∆(p)
]
D3(p) = −
e2ξηr
π2µ20
1
1− e
2
piµ2
0
(ξr2 + η)
∆(p)
where
Cξ = 1 +
ξe2
πµ20
(1− r2)
Cη = 1−
ηe2
πµ20
(1− r2)
D(p) = 1/p2
and
∆(p) = 1/(p2 + µ2) .
One immediate result which follows from Dµν(p) is the equal time commutator of the
charge density j0(x) with the current density j1(x). It has the form
[j0(x), j1(x′)] =−
i
π
∂1δ(x− x
′)
1
CξCη
{
1 + r2
+
e2
πµ20
(ξCη + r
2ηCξ)
2 + r2(ξCη + ηCξ)
2
1− e
2
piµ2
0
(ξr2 + η)
}
.
The vector meson propagator can now be computed in terms of Dµν according to
Gµν = Gµν0 + e
2Gµα0 DαβG
βν
0 .
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The result is
Gµν(p) =
(
gµν +
pµpν
µ2
)
∆+
e2
πµ20
1
CξCηµ20
{[
r
(
pµǫναpα + p
νǫµαpα
)
+ (1 + r2)pµpν
]
(D −∆) + pµpν
1 + r2 − e
2
piµ2
0
(η + ξr4)
1− e
2
piµ2
0
(ξr2 + η)
∆
}
.
Finally, the calculation of the bosonic sector is completed by means of
Mµν = eGµα0 Dαβg
βν
which yields
Mµν(p) =
e
πµ20
1
µ20
{
1
1− e
2
piµ2
0
(ξr2 + η)
pµ
[(
ξr2 + η
)
pν + rǫναpα
]
∆
+
[
ǫµαpαǫ
νβpβ
(
ξ
Cξ
+
ηr2
Cη
)
+ pµpν
(
η
Cη
+
ξr2
Cξ
)
+
r
CξCη
(
ǫµαpαp
ν + ǫναpαp
µ
)]
(D −∆)
}
.
The fermionic sectors of the model can now be obtained in a fairly straightforward
fashion. The 2n-point functions G(x1, . . . x2n) are calculated from
< 0σ1|0σ2 > G(x1. . . . x2n) = exp
[
− ie
∫
δ2
δAµ(x)δJµ(x)
]
Ge=0(x1, . . . x2n)
using [14]
Ge=0(x1, . . . x2n) = exp
[
i
∑
i
qi
∫
G0(x− xi)(1 + rγ5)α
µ(x)Aµ(x)dx
]
where G0(x) is defined by
αµ
1
i
∂µG0(x) = δ(x) .
It is convenient to cast this into the form
G(x1, . . . x2n) = exp
[
i
∑
i
qi
∫
Aµ(x)Nµ(x− xi)dx
]
exp
[
i
∑
i
qi
∫
Jµ(x)Mµ(x− xi)dx
]
G0,0,e(x1, . . . x2n) .
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Tedious calculation yields
−iNµ(p) =
{
pµ
[
1
Cη
+ rγ5
1
Cξ
]
− ǫµαp
αγ5
[
1
Cξ
+ rγ5
1
Cη
]}
D(p)
+
e2
πµ20
{
1
1− e
2
piµ2
0
(ξr2 + η)
[
r2pµ
1
Cη
+ rpµγ5
1
Cξ
− r2ǫµαp
αγ5
− ǫµαp
αr
]
− ǫµαp
αγ5
[
ξ
Cξ
− rγ5
η
Cη
]
(1− r2)
}
∆(p)
and
Mµ =
ie
µ20
{[
pµ
(
1
Cη
+ rγ5
1
Cξ
)
− ǫµαp
αγ5
(
1
Cξ
+ rγ5
1
Cη
)]
D(p)
+
[
ǫµαp
αγ5
(
1
Cξ
+ rγ5
1
Cη
)
+
e2
πµ20
1
1− e
2
piµ2
0
(ξr2 + η)
rpµ
(
r
Cη
+ γ5
1
Cξ
)]
∆(p) .
The solution of the model is completed with the calculation of G0,0,e(x1, . . . x2n). In this
case one finds
G0,0,e(x1, . . . x2n) = exp
{
ie2
µ20
∑
i,j
qiqj
[
(1− r2)
(
1
Cη
− γ5iγ5j
1
Cξ
)
D(xi − xj)
+
1
1− e
2
piµ2
0
(ξr2 + η)
(
r2
Cξ
Cη
+
Cη
Cξ
γ5iγ5j + r
(
γ5i + γ5j
))
∆(xi − xj)
]}
G0(x1, . . . x2n) ,
a special case of which gives the two point function
G(x) = exp
{
− iπ
(
e2
πµ20
)2
(1− r2)2
1
CξCη
[D(x)−D(0)]
−
ie2
µ20
1
1− e
2
piµ2
0
(ξr2 + η)
(
r2
Cξ
Cη
+
Cη
Cξ
+ 2rγ5
)
[∆(x)−∆(0)]
}
G0(x) .
The solution derived here agrees in all particulars with results which have been ob-
tained for the Thirring model (e, µ0 → ∞, e/µ0 finite), the vector meson model, the
Schwinger model (vector and axial vector) and the single component model. It should also
be noted that it coincides with the model of ref. 13 provided that ξ = 1 (i.e., in the case
of the original Schwinger definition of the current).
Before concluding it is of interest to state the limitations which must be placed on
the results obtained. Clearly, there exists another (though somewhat less interesting) case
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in which the current is coupled to the derivative of a scalar field. That set of models
can be handled by identical techniques provided that the free vector meson propagator is
replaced by pµpν/(p
2 + µ20). Are there any other models which fall outside the scope of
this work? The answer is certainly yes! An example of such a model is one in which the
left and right chiral projections of the current operator are each coupled to an independent
external vector potential. If one subsequently couples the sum of the two chiral currents
to a single vector meson with equal coefficients, there is no limit in which such a system
can reduce to the Schwinger model. This is despite the fact that the Lagrangians of the
two systems formally appear to be the same. Thus the model considered in this paper
includes all the known soluble models but also provides a valuable guide in showing that
there must yet exist a wider class of soluble models which are distinct from these. Details
of the model presented here and the additional inequivalent extensions which it suggests
will be provided in subsequent publications.
This work is supported in part by the U.S. Department of Energy Grant No. DE-FG-
02-91ER40685.
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